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&Ql Abstract. The aim of this note is to investigate the open-open 

game of uncountable length. We introduce a cardinal number 
(J,(X), which says how long the Player I has to play to ensure a vic- 
tory. It is proved that c(X) < fi(X) < c(X) + . We also introduce 
the class C K of topological spaces that can be represented as the in- 
verse limit of Ac-complete system {X a ,Trp, E} with w(X CT ) < n and 
skeletal bonding maps. It is shown that product of spaces which 
belong to C K also belongs to this class and n(X) < k whenever 
X e C K . 



1. Introduction 

The following game is due to P. Daniels, K. Kunen and H. Zhou 
[4J: two players take turns playing on a topological space X; a round 
consists of Player I choosing a nonempty open set U C X; and Player 
II choosing a nonempty open set V C U; a round is played for each 
natural number. Player I wins the game if the union of open sets which 
have been chosen by Player II is dense in X. This game is called the 
open-open game. 

In this note, we consider what happens if one drops restrictions on 
the length of games. If k is an infinite cardinal and rounds are played 
for every ordinal number less then k, then this modification is called 
the open-open game of length k. The examination of such games is a 
continuation of |9], |10| and [TT]. A cardinal number fi(X) is introduced 
such that c(X) < fi(X) < c(X) + . Topological spaces, which can be 
represented as an inverse limit of K-complete system {X^, tt^, £} with 
w(A^ CT ) < k and each X a is To space and skeletal bonding map 7r^, 
are listed as the class C K . If n{X) = u, then X G C u . There exists a 
space X with X (jL C^m- The class C K is closed under any Cartesian 
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product. In particular, the cellularity number of X 1 is equal K whenever 
A G C K . This implies Theorem of D. Kurepa that c(A J ) < 2 K , whenever 
c(X) < k. Undefined notions and symbols are used in accordance with 
books [3], [5j and [8]. For example, if k is a cardinal number, then k + 
denotes the first cardinal greater than k. 

2. When games favor Player I 

Let X be a topological space. Denote by T the family of all non- 
empty open sets of X. For an ordinal number a, let T a denotes the 
set of all sequences of the length a consisting of elements of T. The 
space X is called n-favorable whenever there exists a function 

s : |J{(7T :a<K}^r 

such that for each sequence {B a+1 : a < k} C T with B\ C s(0) and 
B a+ i C s({£> 7+1 : 7 < a}), for each a < k, the union [J{B a+ i : a < k} 
is dense in X. We may also say that the function s is witness to n- 
favorability of X. In fact, s is a winning strategy for Player I. For 
abbreviation we say that s is K-winning strategy. Sometimes we do not 
precisely define a strategy. Just give hints how a player should play. 
Note that, any winning strategy can be arbitrary on steps for limit 
ordinals. 

A family B of open non-empty subset is called a ir-base for X if every 
non-empty open subset U C X contains a member of B. The smallest 
cardinal number \B\, where B is a 7r-base for X, is denoted by vr(X). 

Proposition 1. Any topological space X is it (X) -favorable. 

Proof. Let {U a : a < tt(X)} be a 7r-base. Put s(f) = U a for any 
sequence / G T a . Each family {i? 7 : B 1 C [/ 7 and 7 < vr(X)} of open 
non-empty sets is again a 7r-base for X. So, its union is dense in X. □ 

According to p. 86] the cellularity of X is denoted by c(X). 
Let sat (A) be the smallest cardinal number k such that every family 
of pairwise disjoint open sets of A has cardinality < k, compare [6]. 
Clearly, if sat(A) is a limit cardinal, then sat(A) = c(A). In all other 
cases, sat(A) = c(A)+. Hence, c(A) < sat(A) < c(A)+. Let 

yu(A) = min{/t : A is a K-favorable and k is a cardinal number}. 

Proposition [1] implies /i(A) < 7r(A). The next proposition gives two 
natural strategies and gives more accurate estimation than c(A) < 
fi(X) < c+(A) 
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Proposition 2. c(A) < //(A) < sat (A - ). 

Proof. Suppose c(A) > /i(A). Fix a family {U^ : £ < yu(A) + } of 
pairwise disjoint open sets. If Player II always chooses an open set, 
which meets at most one Ug, then he will not lose the open-open game 
of the length /i(A), a contradiction. 

Suppose sets {-B 7 +i : 7 < a} are chosen by Player II. If the set 

A\cl(J{5 7+1 : 7 <a} 

is non-empty, then Player I choses it. Player I wins the open-open 
game of the length sat (A), when he will use this rule. This gives 
H{X) < sat(A). □ 

Note that, u = c({0, 1} K ) = /i({0, 1} K ) < sat({0, 1} K ) = u u where 
{0, 1} K is the Cantor cube of weight k. There exists a separable space 
X which is not cuo-favorable, see A. Szymahski |14| or jH p. 207-208]. 
Hence we get 

luo = c(A) < /i(A) = sat (A) = lu 1 . 

3. On inverse systems with skeletal bonding maps 

Recall that, a continuous surjection is skeletal if for any non-empty 
open sets U C A the closure of f[U] has non-empty interior. If A is a 
compact space and Y is a Hausdorff space, then a continuous surjection 
/ : A — >■ Y is skeletal if and only if Int f[U] 7^ 0, for every non-empty 
and open [/CI, see J. Mioduszewski and L. Rudolf [13]. 

Lemma 3. A skeletal image of ' k- favorable space is a n-favorable space. 

Proof. A proof follows by the same method as in [1, Theorem 4.1]. In 
fact, repeat and generalize the proof given in [TTJ Lemma 1]. 

□ 

According to j3], a directed set E is said to be k- complete if any chain 
of length < k consisting of its elements has the least upper bound in 
E. An inverse system {A CT , 7r^, E} is said to be a n-complete, whenever 
E is K-complete and for every chain ACE, where \A\ < K, such that 
a = sup A G E we get 

A CT = rim{A Q ,7r£,A}. 

In addition, we assume that bonding maps are surjections. 
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For cu-favorability, the following lemma is given without proof in jU 
Corollary 1.4]. We give a proof to convince the reader that additional 
assumptions on topology are unnecessary. 

Lemma 4. If Y C X is dense, then X is n-favorable if and only if Y 
is n-favorable. 

Proof. Let a function a x be a witness to K-favorability of X. Put 

ay(0) = a x (i)ny. 

If Player II chooses open set V\ D Y C oy(0), then put 

V( = V 1 na x (<?)) C<7 X (0). 

We get V{ n y = 14 n y C oy(0), since Vi n y C o*(0) n y. Then we 
put 

a Y {v 1 nY) = a x {Vl)nY. 

Suppose we have already defined 

o- Y ({V a+1 D y : a < 7}) = ^({K+i : « < 7}) n y 

for 7 < /3 < k. If Player II chooses open set Vp+i fl Y C ay ({V a +i PI y : 
a < /?}), then put 

V? +1 = ty+i n MiK+i : a < /?}) C : a < /?})• 

Finally, put 

ay({y Q+1 n y : a < /?}) = a x ({V^ +1 :a<(3})nY 

and check that oy is witness to K-favorability of Y. 

Assume that oy is a witness to K-favorability of Y. If cry(0) = 
Uq PI y and C/o C X is open, then put o"x(0) = C/o- If Player II chooses 
open set V x C t7 X (0), then Vi D F C oy(0). Put <x x (Vi) = where 
(Ty(Vi PI y) = U\ fl y and £7i C X is open. Suppose 

^({K+i n y : a < 7}) = JJ 1 n y and crx({y a +i : a < 7}) = f/ 7 

have been already defined for 7 < < k. If II Player chooses open set 
Vs+i Q vx({V a+ i ■ a < /?}), then put a x ({V a+1 : a < f3 + 1}) = C/ m , 
where open set Up+i C X X is determined by oy({V q+1 D Y : a < 

p + i}) = Up +1 nY. □ 

The next Theorem is similar to [21 Theorem 2]. We replace a contin- 
uous inverse system with indexing set being a cardinal, by K-complete 
inverse system, and also c(X) is replaced by /i(X). Let k be a fixed 
cardinal number. 
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Theorem 5. Let X be a dense subset of the inverse limit of the in- 
complete system {X a , 7r^,E}, where k = sup{fi(X a ) : a G X}. If all 
bonding maps are skeletal, then fi(X) = K. 

Proof. By Lemma HJ one can assume that X = hrnjXo-, tt^, £}. Fix 
functions s a : T^ K — > T a , each one is a witness to /i(X cr )-favorability of 
X a . This does not reduce the generality, because fi(X a ) < k for every 
a G S. In order to explain the induction, fix a bijection /: k — > k x k 
such that: 

(1) if /(a) = (/3, C), then /3,C<a; 

(2) f-\f},l) < f-\M if and only if 7 < C; 

(3) r\j, P) < r\C, P) if and only if 7 < C 

One can take as / an isomorphism between k and k x k, with canon- 
ical well-ordering, see [8]. The function / will indicate the strategy and 
sets that we have taken in the following induction. 

We construct a function s: T <K — > T which will provide k- 
favorability of X. The first step is defined for /(0) = (0,0). Take 
an arbitrary o\ G X and put 

s(0) = 7^(^(0)). 

Assume that Player II chooses non-empty open set B\ = 7r~HVi) C 
s(0), where Vi C X CT2 is open. Let 

<{Bi}) = ^(^({Intclvr^^) n 4*(0))})) 

and denote Dq = Int cl7r (J1 (.Bi) n s CT1 (0). So, after the first round and 
the next respond of Player I, we know: indexes <j\ and o"2, the open set 
Bi C X and the open set D® C X CTl . 

Suppose that sequences of open sets {B a+ i C X : a < 7}, indexes 
{o- a +i '■ Oi < 7} and sets {D^ : f~ l {tp,C) < 7} have been already de- 
fined such that: 

if a < 7 and /(a) = (<£>, rj), then 

= C s({B H1 : £ < a}) = < +1 K, +1 (W : ^ < 17})), 

where L>£ = Int cl7r (T ^ +1 (S / -i ((¥ , jI/))+1 ) n s^ +1 ({^ : C < x>}) and 
K+i C X aa+2 are open. 

If 7(7) = (6, A) and /3 < A, then take 

£>J = IntdTr^CSz-i^+O n ^ +1 ({D c e :(</?}) 
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and put 

s({B a+1 : a < 7}) = n^ +1 (s* g+1 ({D e a : a < A})). 

Since E is K-complete, one can assume that the sequence {o~ a+ i : a < k} 
is increasing and a = sup{cr^ +1 : ( < k} 6 E. 

We shall prove that [J a<K B a+ i is dense in X. Since 7r~ 1 (7r (T (_B a+ i)) = 
B a+ i for each a < k and 7r CT is skeletal map, it is sufficient to 
show that {J a<K ^a(B a +i) is dense in X a . Fix arbitrary open set 
(*7r£ where PU is an open set of X^+i. Since s<x ?+1 is win- 

ning strategy on X a(+1 , there exists D| such that Dj, D W 7^ 0, and 
C Intel TT a(+1 (B f -i {{ ^ a))+1 ). Therefore we get 

where 6 = a)). Indeed, suppose that (it* )~ 1 (W)r\ir (T (Bs+i) = 

0. Then 

= < e J(< { J -1 WrWfl tf+1 )] = WK e+1 M£* +1 )] = Wmr^Bt 

Hence we have W D Int cl7r CTe+1 (-85+1) = 0, a contradiction. □ 

Corollary 6. If X is dense subset of an inverse limit of fi(X) -complete 
system {X^, 7Tg, £}, where all bonding map are skeletal, then 

c(X) = sup{c(X a ) : a G E}. 

Proof. Let X = l^m{X a , it°, E}. Since c(X) > c(X CT ), for every a G E, 
we shall show that 

c(X) < sup{c(X CT ) : a G E}. 

Suppose that sup{c(X cr ) : o G E} = r < c(X). Using Proposition [2] 
and Theorem [5j check that 

H{X) = sup{/i(X a ) : a G E} < sup{c(X CT ) + : cr G E} < r + < c(X). 

So, we get /i(X) = c(X) = r + . Therefore, there exists a family 7£, of 
size r + , which consists of pairwise disjoint open subset of X. We can 
assume that 

1Z C {7T T 1 (?7) : U is an open subset of X a and <r G E}. 

Since {X a ,7r^,Ti} is //(X)-complete inverse system and \TZ\ = /x(X), 
there exists p G E such that 

is an open subset of Xg}, 

a contradiction with c(X / g) < r + . □ 
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The above corollary is similar to [2, Theorem 1], but we replaced a 
continuous inverse system, whose indexing set is a cardinal number by 
K-complete inverse system. 



4. Classes C k 

Let K be an infinite cardinal number. Consider inverse limits of k- 
complete system {X a , ir^, £} with w(X a ) < K. Let C K be a class of 
such inverse limits with skeletal bonding maps and X a being To-space. 
Now, we show that the class C K is stable under Cartesian products. 

Theorem 7. The Cartesian product of spaces from C K belongs to C K . 

Proof. Let X = Y\{X S '■ s G S} where each X s G C K . For each s G S, 
let X s = hmjXo-, s°, S s } be a /t-complete inverse system with skeletal 
bonding map such that each To-space X a has the weight < k. Consider 
the union 

r = \J{[[v.:Ae[S\"}. 

Introduce a partial order on T as follows: 

/ d 9 & dom(/) C dom(g) and V aedo m(/)/(a) < 

where < a is the partial order on E n . The set V with the relation ■< is 
upward directed and K-complete. 

If / G T, then Yf denotes the Cartesian product 
JJ{X /(a) : a G dom(/)}. 

If / 9-, then put 

P f - \ 11 a /(a) 07r dom(/)' 
\oedom(/) / 

where 7r^°^|« is the projection of n{^s(a) : a ^ dom(^)} onto 
n{^ 9 (a) : a G dom(/)} and riaGdom(/) °/(o) is the Cartesian prod- 
uct of the bonding maps flyS : -^-g(a) ^-f(a)- We get the inverse 
system{Yf , p 9 p T} which is K-complete, bonding maps are skeletal and 
w (^7) — K - So, we can take Y = l^m{Yf,p 9 j,T}. 

Now, define a map h : X — > Y by the formula: 

h({x s } seS ) = {x f } f er, 
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where x f = {x/( a )}aedom(/) e Y f and / G EK^a : a G dom(/)} and 
dom(/) G [S] K . By the property 

{x s } s es = {t s }ses ^ V se5 V CTeEs = t CT <^> V /er X/ = t f , 

the map ft is well defined and it is injection. 

The map ft is surjection. Indeed, let {&/}/er £ Y. For each s G S 
and each cr G S s we fix /J G T such that s G dom(/*) and /*(s) = cr. 
Let 7Tj( s ) : Y) — >■ Xy( s ) be a projection for each / G T. 

For each i G 5 let define b t = {^j^, where b a = Kf*(t)(bf*)- We 
shall prove that an element b t is a thread of the space X t . Indeed, if 
a > p and a, p G E t , then take functions /* and g l p . For abbreviation, 
denote / = /* and g = g*. Define a function ft: dom(/) U dom(g>) — > 
{J{T, t : t G dom(/) U dom(g)} in the following way: 

h( ) = f 9 ^ if S e dom ^ \ dom (/) 
lSJ " if S Gdom(/). 

The function ft, is element of T and f,g^h. Note that ft| dom(/) = / 
and ft| dom(gi) \ {t} = g\ dom(gi) \ {t}. Since 



n s Sj ({^w}^dom( ff) ) = {4S^M S ))} sedom(9) 

ysedom(p) / 

we get 

= b g(t) = s h g { ^(b Ht) ) = s f J$(b m ) = s a p (b a ). 
It is clear that h({a t }tes) = {^/}/er- 

We shall prove that the map ft is continuous. Take ; 
U = n sed om(/) A f(s) C Y f such that 



an open subset 

Ledom(/) A f(s) £ Yf ^ch that 

„ JV, ifs = s ; 

Af( s \ = < 

I Xj( s ), otherwise, 

where V C Xj( S() ) is open subset. A map pf is projection from the 
inverse limit Y to Yf. It is sufficient to show that : 

h-\(pf)-\U)) = J[B s 



where 

B = (W, if s = s ; 
\X S , otherwise, 

and W = n f( S() )(V) an d tt/(s ) : ^7 — * -^o-o * s the projection and f(s ) = 
<7q. We have 

{x s } ses E h-\(p f )- l {U)) & p f (h({xs}ses)) e U 
Pf(i x f}fer) =x f eU & x f{so) E V 

& x so eW^xel[B s cY[x s = x 

Since the map h is bijection and 

{ Pf )-\U)) = h{h~\{ Pf )-\U))) = h([[B s ) 

for any subbase subset rises ^ — X, the map h is open. □ 

In the case k = u we have well know results that I-favorable space 
is productable (see [I] or |H]) 

Corollary 8. Every I-favorable space is stable under any product. 

If D is a set and k is cardinal number then we denote IJ a < K D a by 
/; ". 

The following result probably is known but we give a proof for the 
sake of completnes. 

Theorem 9. Let k be an infinite cardinal and let T be a set such that 
\T\ > k k . If A e [T] K and f s : T <K -> T for all 5 < k <k then there 
exists a set B C T such that \B\ < r and A C B and fs(C) € B for 
every C e B <K and every 5 < k <k , where 




for regular k 
otherwise. 



Proof. Assume that k is regular cardinal. Let A £ [T] K and let 
f s : [j a<K T a — >■ T for 5 < k <k . Let A = A. Assume that we have 
defined A a for a < (3 such that \A a \ < Put 

A p = (|J A a ) U {f 5 (C) : C E ({jA a )<P and 6 < K^}. 

a</3 a</3 

Calculate the size of the set Ap\ 
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\m < i(U ^)ii^'ii(U A *) <p \ ^ * w \(* m ) w \ < * m - 

a</3 a</3 

Let B = [Jp <K Ap, so we get \B\ < k <k . Fix a sequence 
(b a : a < (3) C B and f 1 . Since cf(/t) = k, there exists 5 < k such 
that C = {b a : a < (3} C As and / 7 (C) G A^+i for some a < k. 

In the second case cf(ft) < k, we proceed the above induction up to 
= k. Let B = A K , so we get \B\ < k k and B = [jo <K + Ap. Similarly 
to the first case we get that B is closed under all function f$, 5 < n <K . 

□ 

Theorem 10. If X belongs to the class C K then c(X) < k, . 

Proof. If X G C K then by Theorems [5] and [2] we get c(X) < fi(X) < 
K. □ 

We apply some facts from the paper [10] . Let V be a family of open 
subset of topological space X and x, y G X. We say that x ~-p y if 
and only if x G V y G V for every V G V. The family of all sets 
[x\-p = {y : y ~p a;} we denote by X/V. Define a map q : X — > XjV 
as follows q[x] = [x]-p. The set X/V is equipped with topology Tv 
generated by all images q[V] where V € P. 

Recall Lemma 1 from paper [10] : If V is a family of open set of 
X and V is closed under finite intersection then the mapping q : X — > 
X/V is continuous. Moreover if X = [JV then the family {q[V} : V G 
V} is a base for the topology Tv- 

Notice that if V has a property 

(seq) V(W G V)B({V n :n<uj}C V)3({U n : n < co} C V) 

W = |J U n and V(n < u) U n C X \ V n C C/ n+1 

n<o; 

then IJP = X and by [TU1 Lemma 3] the topology 7p is Hausdorff. 
Moreover if V is closed under finite intersection then by [TU| Lemma 4] 
the topology Tv is regular. Theorem 5 and Lemma 9 [10] yeield. 

Theorem 11. If V is a set of open subset of topological space X such 
that: 

(1) is closed under n-winning strategy, finite union and finite inter- 
section, 

(2) has property (seq), 
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then X/V with topology Tv is completely regular space and q : X — > 
X/V is skeletal. □ 



If a topological space X has the cardinal number fi(X) = u> then 
I 6 C W) but for fi(X) equals for instance U\ we do not even know if 

XeC, 



Theorem 12. Each Tichonov space X with fi(X) = k can be dense 
embedded into inverse limit of a system {X a , 7t°, E}, where all bonding 
map are skeletal, indexing set E is r-complete each X a is Tichonov 
space with w(X a ) < r and 

k <k j Qr re g U \ ar K 
otherwise. 

Proof. Let B be a 7r-base for topological space X consisting of coze- 
rosets and o : [J{B a : a < k} — > B be a K-winning strategy. We 
can define a function of finite intersection property and finite union 
property as following : g({B , B^, . . . , -£>„,}) = B Q D B\ D . . . D B n and 
h({B , Si, ... , £ n }) = 5 UBiU...UB n . For each cozeroset V G fix 
a continuous function fy : X — > [0, 1] such that V = /y 1 ((0, 1]). Put 
(T2n(V) = fv\&l]) and a 2n+1 (K) = fy\[0, By Theorem ® for 
each 7?- G and all functions /i, g, a n , a there is subset V C i3 such 
that: 

(1) IT 3 ! < r where 

k <k £ or re g U i ar K 
k k otherwise, 

(2) KCP, 

(3) V is closed under /t-winning strategy a, function of finite inter- 
section property and finite union property , 

(4) V is closed under a n , n < u, hence V holds property (seq). 

Therefore by Theorem [TT] we get skeletal mapping q-p : X — » X/V. 
Let E C [i3]- T be a set of families which satisfies above condition 
(1), (2), (3), (4). If E is directed by inclusion. It is easy to check that 
E is r-complete. Similar to [TUt Theorem 11] we define a function 
/ : X — > Y as following f(x) = {f-p(x)}, where f(x)-p = q-p{%) and 
Y = lim{X/ft,g£,C}. If K,V G C and V C K, then q$(f(x) n ) = 
f(x)-p. Thus f(x) is a thread, i.e. f(x) G K. It easy to see that / is 
homeomorphism onto its image and /[X] is dense in Y, compare [T0| 
proof of Theorem 11] 
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□ 



The Theorem [T2l suggests a question: 
Does each space X belong to C^x) ? 

Fleissner [7J proved that there exists a space Y such that c(Y) = 
Ko and c(y 3 ) = N2. Hence we get fi(Y) = Ni, by Theorem [5] and 
Corollary [BJ Suppose that Y G C^x) then c(Y 3 ) < Ni, by Theorem [TOj 
a contradiction. 

Corollary 13. //X zs topological space with fi(X) = k then c(X ! ) < r 
and 




/or regular k 
otherwise. 



Proof. By Theorem [9] we get X 7 G C T . Hence by Theorem \TU\ and [7J we 
have c(X 7 ) < r. □ 

By above Corollary we get the following 

Corollary 14. [T2| Kurepa] // {X s : s G S 1 } is a family of topological 
spaces and c(X s ) < k for each s G S , then c(Y[{X s : s G S}) < 2 K . □ 
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